ABSTRACT. A collection of fixed point theorems is generalized by replacing hypothesized commutativity or weak commutativity of functions involved by compatibility.
1.
INTRODUCTION. The last two decades have produced a spate of articles which propose generalizations and/or extensions of the Banach Contraction Principle, which Principle states that a contraction f of a complete metric space (X,d) has a unique fixed point. Typical approaches have been either to vary the contraction requirement that d(fx, fy) < r d(x, y) for some r 6 (0,1) and all x,y 6 X, or to introduce more functions with conditions appended. For example, in 1976 the following result appeared: THEOREM 1.1. [1] Let f and g be commuting (g'f=fg) self maps of a complete metric space (X,d) such that f(X) C g(X) and g is continuous. If 3 r 6 (0,1) such that d(fx, fy) < r d(gx, gy) for x,y 6 X, then f and g have a unique common fixed point a 6 X (i.e., fa=ga=a).
The above theorem and article promoted commutative maps as a tool for generalizing. Subsequently, a variety of variations and generalizations of Theorem 1 which utilized the commuting map concept appeared See, e.g., [2, 3, 4, 5, 6, 7,] In 1982, Sessa [8] introduced a generalization of the commuting map concept by saying that maps f,g:(X,d)---(X,d) axe weakly commutative iff d(fgx, gfx) < d(fx, gx) for x 6 X. In response, variations on Banach and Theorem 1. appeared in terms of "weakly commuting pairs f,g" see, e.g., [9] , [10] . Then, in 1986 , the first author introduced the concept of compatibility. DEFINITION 1.1. ( [11] ) Self maps f and g of a metric space (X,d) axe compatible iff whenever {Xn} is a sequence in X such that fxn, gxn--X, then d(fgxn, g-fxn)--0.
Clearly, commuting mappings are weakly commuting and weakly comnmting pairs are compatible; exanaples in [8] and [11] show that neither converse is true. Articles already in print demonstrate that known results can be generalized by using compatibility in lieu of commutativity or weak commutativity. We refer the reader to [11, 12, 13, 14, 15, 16, 17] ; in particular we note [17] in which Rhoades, Park, and Moon obtain a very general fixed point theorem by using Meir-Keeler type contraction maps in conjuction with compatibility.
The purpose of this paper is to further demonstrate the effectiveness of the compatible map concept as a means of generalizing. We shall show that an appreciable number of fixed point and coincidence theorems can be improved by substituting compatibility for commutativity or weak commutativity. Such an effort seems to be in order, indeed, called for, since 2.as the reader will see-the method of attack for one theorem is typically very similar to that for another theorem. The approach becomes "standard" because the definition of compatibility and one proposition regarding compatibility are the only tools needed. The proposition we need is Proposition 2.2. in [11] . 
We have, Au Su Tu. The remainder of the proof is the same as that in [19] hfx2n--hu, and since h and f axe also compatible, fhx2n--hu, by Proposition(1.1)2(a).
Similarly, the continuity of h and the compatibility of h and g imply that hgx2n+l hu and ghx2n +1--hu. Now (i) implies:
Taking the limit as n--,_-c yields: d(hu, gu) 2 < 6( 0, 0, 0, 0 0. Therefore, hu gu.
Appeal to (i) again to obtain:
As noc we obtain, d(fu, hu) 2 _< (0,0,0,0)=0. Thus fu=hu.
The remainder of the proof is the same as in the proof of Theorem 1. of Prasad. 13
The next theorem is a generalization of a Theorem 1. in [21] by S. L. Singh on Lspaces. L-spaces utilize semi-metrics d (See [21] 
T(Tx) T(Ex)= E(Tx)= E(Ex)= T(Ex)= F(Tx)= F(Ex)= F(Fx).
The remainder of the proof is as in [22] . [3 In [23] , Diviccaro That w is that unique common fixed point of and T follows from the fact that any common fixed point of and T is in A, and A is a singleton. However, Davies Since S(X) C J(X), =! z' such that Jz' z. As in [25] [24] . Therefore, I, S, T, and J have a common fixed point z if is continuous.
The proof for the case in which J is continuous is analogous to the preceding proof. In fact, the remainder of the proof in [25] , z) ,0,0) < hd(Sz, z), and this implies that Sz z. Thus, z is a common fixed point of I, J, S, and T." 13 The following theorem generalizes Theorem 3.1 of M. S. Kahn and M. Swaleh in [26] . The only change in the statement of theorem is to require {A,S} and {A,T} to be compatible pairs as opposed to weakly commuting pairs. THEOREM 2.8. Let A, S, and T be self maps of a complete metric space (X, d). PROOF. The proof is the same as the proof of Theorem 3.1 in [26] [27] or [28] for a discussion and listing of properties of g. We do note that 0 < g(A, B) _< g(A, C) + g(C, B) for A,B,C B(X), and g(A, B)=0 iff A=S={a}. If x X, we write g(x, A) for g({x}, A) when convenient and confusion is not likely.
If {An} is a sequence in B(X), we say that {An} converges to A C_ X, and write An--oA, iff (i) a A implies that a=-xmooa n for some sequence {an} with an An for n N, and (ii) for anye>0 =lmNsuchthat An_CAe= {xX: d(x,a) <e for someaA forn> m.
We need the following lemmas. To define "compatibility" in this context, we say the following. To see that (ii) also holds, let Xn=U for n 6N. Then Ixn--, Iu and Fxn--, Fu={Iu}, so that ti(FIu, IFu) g(FIxn, IFxn) 0 by g-compatibility; i.e., IFu FIu, a singleton. [3 We now state and prove the first theorem, which extends Theorem 1. of Fisher in [27] by replacing commutativity of maps I:XX and F:XB(X) by &compatibility. Note that in the following we use U F(X) to denote y X: y F(x) for some x X. }. [27] . [D The other paper we consider and which utilizes the function g" B(X)xB(X)-, [0, c) for which the above definitions and lemmas pertain, is the paper [28] [28] until lines 1 and 2 of page 295, which we replace by the following observation "Since {Iw}={z}=Fw, F({z}) FIT IFw {Iz}, by Proposition 3.1(ii) and compatibility. Thus {z}=F={Iz}."
The rest of the proof is as in [28] . [:] The third and final paper involving multi-valued functions is the paper [29] by Singh, Ha and Cho. The authors consider multi-valued functions S:X--CL(X), the family of closed subsets of X, where (X, d) is a metric space. They utilize the "generalized Hausdorff metric", H, on CL(X). We refer the reader to [29] for the definition of this and other relatively standard concepts used, except to note that the functions f:X---X and S:X--CL(X) are said to commute weakly at z iff H(fSz, Sfz) _< D(fz, Sz). If f and S commute weakly at each point of X, then they commute weakly on X. Of course, D(a,B) inf{ d(a,b)" b E B}, for aX and B C_X. Observe that the definition of H and weak commutativity imply that fSx q CL(X) for x X.
In this context we shall give the following "compatibility" definition. DEFINITION 3.2. Mappings f:X X and S:X Cl(X) are "H-compatible" iff fSx q CL(X) for x E X and H(Sfxn, fSxn) 0 whenever {Xn} is a sequence in X such that Sxn M in CL(X) and fxn-M.
The Definition 3.2 is basically the definition of compatible maps S:X--CB(X) and f:X---. X given in 29] in the context of closed and bounded subsets of X. Therein, Sessa and Kaneko prove a lemma which is valid for CL(X), and which we find useful. LEMMA 3.3. [29] Let S: X CL(X) and f:X-* X be compatible. If fw e ST, then fSw=Sfw.
